We introduce a hybrid many-body approach that combines the flexibility of the No-Core Shell Model (NCSM) with the efficiency of Multi-Configurational Perturbation Theory (MCPT) to compute ground-and excited-state energies in arbitrary open-shell nuclei in large model spaces. The NCSM in small model spaces is used to define a multi-determinantal reference state that contains the most important multi-particle multi-hole correlations and a subsequent second-order MCPT correction is used to capture additional correlation effects from a large model space. We apply this new ab initio approach for the calculation of ground-state and excitation energies of even and odd-mass carbon, oxygen, and fluorine isotopes and compare to large-scale NCSM calculations that are computationally much more expensive.
Introduction. The solution of the nuclear many-body problem with realistic interactions is at the heart of ab initio nuclear structure theory. In recent years tremendous progress has been made in the ab initio description of nuclear observables, particularly in the regime of medium-mass nuclei beyond the pshell. Innovative approaches like Coupled Cluster (CC) theory [1, 2, 3, 4, 5, 6] , In-Medium Similarity Renormalization Group (IM-SRG) [7, 8, 9, 10, 11] , or Self-Consistent Green's function (SCGF) [12, 13] have been established and provide accurate descriptions of ground-states observables. In a previous work we have shown that many-body perturbation theory (MBPT) with Hartree-Fock single-particle orbitals yields rapidly convergent perturbation series and that low-order partial sums are in agreement with state-of-the-art CC calculations [14] , thus, adding to the collection of efficient mediummass methods.
Despite all the progress, the description of fully open-shell medium-mass systems remains a challenge. The aforementioned methods, in their basic formulation, are limited to ground states of nuclei with closed sub-shells. The ground state of these nuclei is dominated by a single Slater determinant that can serve as a reference state for the construction of the fully correlated eigenstate. Several extensions have been developed to expand the range of the single-determinant methods. Isotopes in the vicinity of shell closures can be tackled by equation-ofmotion techniques build on the ground state of a neighbouring closed-shell nucleus [4] . Further away from shell closures, traditional shell-model approaches, build on a closed-shell core and a small valence-space, combined with non-perturbative Email addresses: alexander.tichai@cea.fr (Alexander Tichai), eskendr.gebrerufael@physik.tu-darmstadt.de (Eskendr Gebrerufael), klaus.vobig@physik.tu-darmstadt.de (Klaus Vobig), robert.roth@physik.tu-darmstadt.de (Robert Roth) valence-space interactions derived from either CC [15] or IM-SRG [16, 17] have been used successfully.
An important step towards a full no-core description of open-shell nuclei with multi-determinantal reference states is the multi-reference formulation of the IM-SRG [11] . First applications used particle-number projected Hartree-FockBogoliubov reference states for even-mass isotopes in semimagic chains [18, 19, 20] . Recently, we merged the multireference IM-SRG with the No-Core Shell Model (NCSM) [21, 22, 23 ] to address arbitrary even-mass isotopes and excited states [24] . These methods are powerful and efficient but far from trivial, both, conceptually and algorithmically.
In this paper we present a much simpler approach, a combination of the NCSM in small model spaces with a low-order MBPT correction to capture correlations from a large space. This hybrid method, for the first time, allows to calculate nuclear ground-state and excitation energies for all open-shell systems in large no-core model spaces. After defining the Hamiltonian, we review multi-configurational perturbation theory and discuss the combination with reference states obtained in the NCSM. We then explore the convergence of the perturbative expansion up to high orders to justify low-order truncations. Using second-order perturbative corrections we perform a detailed study of ground-state and excitation energies for carbon and oxygen isotopes and benchmark with large-scale NCSM calculations. Furthermore, we present the first no-core ab initio results for the fluorine isotopic chain out to the extremely neutron-rich 31 
F.
Nuclear Hamiltonian. In all following calculations we start from the chiral nucleon-nucleon (NN) interaction at next-tonext-to-next-to leading order by Entem and Machleidt [25] . We include a chiral three-nucleon (3N) interaction at next-to-nextto leading order with a local regulator and a three-body cutoff of Λ 3N = 400 MeV [26, 27] . The Hamiltonian is softened using a Similarity Renormalization Group (SRG) transformation with a flow parameter α = 0.08 fm 4 [28, 29, 30, 22, 31] . This transformation induces many-nucleon forces that are included consistently up to the 3N level, many-body forces beyond that level are neglected. This SRG-evolved interaction has been used in a number of calculations in the medium-mass regime [6, 14, 24, 19, 20] and is, thus, ideally suited to benchmark the present approach.
Multi-Configurational Perturbation Theory. The heart of Rayleigh-Schrödinger perturbation theory is the definition of an additive splitting, called partitioning, of the nuclear Hamiltonian into an unperturbed part H 0 and a perturbation W, such that H = H 0 + W. While the choice of partitioning is simple in the case of standard MBPT with respect to a single Slater determinant, there is no canonical generalization to multi-configurational reference states and several formulations are possible. We adopt the so-called multi-configurational perturbation theory (MCPT) discussed in Refs. [32, 33] and also used in Ref. [34] .
We choose our multi-configurational reference state |ψ ref to be a normalized eigenvector obtained in a prior NCSM calculation in a model space M ref ,
where c ν denotes the expansion coefficients and |φ ν the orthonormal many-body basis states, the simple Slater determinant basis of the NCSM in our case. The unperturbed Hamiltonian is chosen such that the reference state fulfills an eigenvalue relation
Formally, the unperturbed Hamiltonian can then be written in the spectral representation ν = p p of single-particle energies p for the states occupied in |φ ν . The single-particle energies are defined via p ≡ p|H [1] |p + rs pr|H [2] |ps γ rs ,
where H [1] , H [2] are the one-and two-body parts of the full Hamiltonian, respectively, and γ rs is the one-body density matrix of the reference state. In principle, an explicit three-body term can be included as well, however, for the sake of computational simplicity we will later-on use a normal-ordered twobody (NO2B) approximation for the inclusion of 3N interactions [35] . The zeroth-order reference energy is also defined via these single-particle energies taking into account the multideterminantal character of the reference state through the mean occupation numbers, i.e., the diagonal elements of the one-body density matrix γ pp , so that E
With the partitioning defined in Eq. (3) the zeroth-and firstorder contributions to the perturbation series for the energy read
Obviously, the sum
reproduces the full reference energy, i.e., the eigenvalue obtained for the reference state with the full Hamiltonian H in M ref .
The second-order energy correction has the well-known form
Higher-order perturbative contributions can be formulated in a straight forward manner with the same basic structures for matrix elements and energy denominators. Likewise the perturbative corrections to the many-body states can be evaluated, which is of interest for the computation of observables other than the energies. One can also employ a recursive formulation, as discussed in Refs. [36, 37] , to systematically extract high-order corrections.
The matrix elements in the final expressions for the perturbative corrections only involve the simple unperturbed basis states |φ ν , i.e., the Slater determinants that are the basis in m-scheme NCSM calculations. Those matrix elements can be readily evaluated using standard NCSM technology. As an efficient alternative, we employ normal-ordering techniques for evaluating the matrix elements in Eq. (8) . We normal order the Hamiltonian 4 and model-space truncation e max = 12. All calculations are performed with a Hartree-Fock optimized single-particle basis at Ω = 20 MeV. Importance-truncated NCSM calculations ( ) are shown for comparison [38] . Experimental values are indicated by black bars [39] .
with respect to the rightmost determinant |φ µ and we redo the normal ordering for each element of the µ summation. Similar techniques have been applied in quantum chemistry [40, 41] . The computational scaling of the second-order correction for large reference spaces is given by dim(M ref ) 2 · n 2 p · n h , where n p , n h denote the number of particle and hole states, respectively.
Combining NCSM and MCPT. Using the multi-configurational formulation of perturbation theory, we can define a two-stage hybrid approach for the ab initio calculation of ground-state energies and excitation spectra.
The first step consists of an NCSM calculation in a small model space, typically N ref max = 0, 2 or 4, for a set of lowlying eigenstates. These eigenstates guarantee good J π quantum numbers and already contain the most important multiparticle multi-hole correlations as a seed for the perturbative improvement. The second step then consists of the evaluation of the perturbative corrections in a large model space, typically we use a truncation of the single-particle harmonic oscillator basis at e max = (2n + l) max = 12. Each NCSM eigenstate of interest serves as reference state for separate evaluations of the perturbative correction. Thus, perturbation theory is used as a convergence booster that efficiently accounts for correlations from a huge model space.
Formally, this NCSM-PT approach is guaranteed to converge to the exact result in two different limits: In the limit N ref max → ∞ the perturbative energy corrections go to zero and we obtain the exact eigenvalue. Alternatively, in the limit of the perturbative order p → ∞ the exact value is also reproduced for all N ref max , provided that the perturbation series converges. In practice, we will restrict ourselves to second-order perturbative correlations, to keep the computational cost at a minimum, and vary N ref max to explore the stability of the NCSM-PT energies.
As input for the perturbative corrections the initial threebody Hamiltonian is normal-ordered with respect to the multiconfigurational NCSM reference state. Subsequently, we discard the residual three-body part and work with the chiral Hamiltonian in normal-ordered two-body approximation [35] .
Convergence Characteristics. To demonstrate that the multiconfigurational perturbation series is well behaved for NCSM reference states, we explicitly evaluate high-order energy correlations adopting the recursive scheme discussed in [36, 37] . As benchmark systems we choose 6 Li and 7 Li using a N ref max = 0 reference space and a small N max -truncated space for the perturbative corrections, so that a direct comparison with explicit NCSM calculations for the same N max is possible. We use an underlying harmonic-oscillator single-particle basis for these studies. Figure 1 shows the p-th order partial sums in the lefthand panels and the size of the individual perturbative corrections on a logarithmic scale in the right-hand panels. The different data sets correspond to the lowest four eigenstates from the N ref max = 0 space used as reference states in the perturbative calculation. For all states the partial sums converge quickly and higher-order energy corrections are exponentially suppressed. The high-order partial sums agree within a few ten keV with the results of direct NCSM calculations in the same model space. We also find that the low-order partial sums provide a reasonable approximation to the converged value. Note that the highorder treatment requires the storage of the many-body basis, and is, therefore, not applicable to medium-mass systems or large model spaces. It serves as a proof-of-principle calculation for the convergence of the perturbation expansion.
Ground-State Energies. For heavier systems and larger model spaces, where we cannot compute the perturbation series up to high orders explicitly, we limit ourselves to the computationally simple second-order perturbative correction. We explore ground and excited states through the carbon and oxygen isotopic chains, including even and odd-mass isotopes. For some of these systems, large-scale calculations with the importancetruncated NCSM are still feasible, so that we can benchmark the NCSM-PT results directly. The importance-truncated NCSM calculations within the NO2B approximation are performed up to N max = 10 using an optimized natural orbital single-particle basis obtained from diagonalizing a MBPT-corrected one-body density. The use of such natural orbitals improves the modelspace convergence and eliminates the dependence on the under-lying oscillator frequency [38] .
The results for the ground-state energies of carbon, oxygen, and fluorine isotopes are summarized in Fig. 2 The NCSM-PT ground-state energies in Fig. 2 for the neutron-rich fluorine isotopes out to heaviest known isotope 31 F [42] represent the first no-core ab initio calculations of these nuclei. This regime is relevant for the so-called oxygen anomaly [43] , i.e., the drastic shift of the neutron dripline from the oxygen to the fluorine isotopic chain. Our calculations show practically constant ground-state energies in the range from 25 F to 31 F, in agreement with experiment. It will be very interesting to explore this phenomenon with a range of chiral NN+3N interactions, to study its robustness and the theoretical uncertainties resulting from the input interaction.
Next we will explore the impact of chiral three-body forces on the ground-state systematics. Therefore, we compare our prior results for the NN+3N-full Hamiltonian to ground-state energies obtained from using the chiral NN interaction and keeping SRG-induced many-body terms up to the three-body level (NN+3N-ind) . Figure 3 We observe that in all cases the second-order results without chiral 3N forces yield less binding and the agreement with experiment is significantly worse. Of particular importance is the impact on the oxygen dripline. While the inclusion of chiral 3N forces provides the neutron dripline at 24 O, the NN+3N-ind interaction is unable to reproduce this property and predicts the neutron rich 25, 26 O to be bound more tightly than 24 O. It was already observed in prior calculations that the inclusion of chiral 3N forces is necessary for the correct reproduction of the experimentally observed dripline [43, 19] .
We observe a similar trend in the fluorine chain, where the inclusion of chiral 3N induces a kink in the ground-state binding energies at F which corresponds to opening up the f 7/2 shell. The NN+3N-ind interaction predicts a completely different behaviour with smoothly decreasing ground-state energies up to 29 F, in contradiction to experiment.
Excitation Spectra. By evaluating the second-order correction for different reference states extracted from the NCSM spectrum in the N ref max space we can address the excited states directly. We obtain the absolute NCSM-PT energies of the excited states from separate calculations of the second-order correction and subsequently subtract the NCSM-PT ground-state energy to extract excitation energies. Figure 4 presents the excitation spectra of selected carbon and oxygen isotopes compared to direct NCSM calculations.
It is well known that same-parity excitation energies in NCSM converge much faster with N max than absolute energies. Therefore, many of the NCSM excitation energies shown in the right-hand columns of each panel in Fig. 4 are already quite stable. The NCSM-PT, which leads to stable absolute energies for the excited states, can hardly improve the convergence of the excitation energies. We find similar stability with respect to N max and N Conclusion and Outlook. We have introduced a hybrid ab initio approach, the NCSM-PT, that combines the flexibility of the NCSM with the efficiency of MBPT techniques to compute ground and excited-state energies in arbitrary open-shell systems in large model spaces. The NCSM in small model spaces is used to define a multi-determinantal reference state that contains the most important multi-particle multi-hole correlations and the second-order correction from multi-configurational perturbation theory are used to capture correlation effects from a large model-space. Everything is formulated in an m-scheme basis, so that even and odd-mass nuclei and excited states can be treated directly. We find very good agreement of the groundstate and excitation energies obtained in NCSM-PT with direct NCSM calculations-the accuracy of the NCSM-PT is on par with more demanding approaches like the multi-reference IM-SRG. We presented the first no-core ab initio calculations for the of neutron-rich fluorine isotopes, which reproduce the so called oxygen anomaly.
Because of its low computational cost compared to standard NCSM calculations, this approach is ideally suited for exploratory calculations over a large range of nuclei. With the rapid progress in the construction of consistent NN+3N interactions from chiral EFT at various orders and with different reg- ulators [44, 45] , survey calculations for testing and constraining new nuclear interactions will be of great importance.
